
 

6 The Kepler Problem

Consider an object moving along
a trajectory ect where tis time
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We want to compute the area swept
out after a time t

To this end it is useful to switch
to polar coordinates where we have

Ect rt cos GCH sin o

The curve Ect Ost et is then

called a parametric curve



We introduce the notation
Et UH EACH i

where
Ect cost sint

is just the parametrized curve

that runs along the unit circle

Note that
e t f sint cost

is also a unit vector but perpendicular
to ett

deflect Ect I 2

explicitly

def
cost sint

sint cost
cos't C sin't

In order to compute the area ACH it's
useful to first obtain a formula
for A t consider triangle

ACh so

ima



The area of such a triangle can be

expressed as

area Alt Idet Ect ECHL c H

Then we compute
A t Ging Alt th Alt

Ling area ACh
h

I deflect fingectthntect

I detect E'CH

Using
E t r H e OCH r HOCH E OCH s

and linearity of the determinant in

its column vectors we obtain

detect e'CH r tinct detfecqf.co
rCH2O HdetfecoctlliEocti
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total area can be obtained by integration
Act I ÉrCH O Hdt



or performing the substitution do O HdtOct
ACO I fp 4 do

where p root Check

A H I p OCH OCH

I r t O t 5

Let us now use these results to
understand Kepler's 3 laws of planetary
motion 1609

Kl The planets move in ellipses
with the sun at one focus

K2 Equal areas are swept out by
the radius vector in equal times

9m
k3 If a is the major axis of a

planet's elliptical orbit and T

its period then aka is the
same for all planets



In our notation Kepler's second law
is equivalent to saying that A t is constant

so K2 A O

Buta detail jdegcttdetk.cn
Idet E E
Homework

So
K2 def e e 0

From this we can deduce the following
Proposition 1 Newton

Kepler's second law is true if and
only if there exists a force E that
is central and in this case each

planetary path Ect htt e Oltl satisfies
the equation

v20 def E E const K2

Proof
know that E m E t



Saying that the force is central

just means that it always points along e
since e t is in the direction of
the force that is equivalent to

saying that e t always points along et

det Ect e H 0

Thus deflect c H constant

We are now in the position to derive

Kepler's first law from Newton's
concept of a gravitational force
Proposition 2 Newton

If the gravitational force of the sun

is a central force that satisfies an

inverse square
law then the path

of any planet in it will be an ellipsis

having the sun at one focus
Proof

By K2 we have no delle er NT



for some constant M The hypothesis

of an inverse square law can be written
as e t Fi é Oct
for some constant H Using K2 this
can be written as

EH Ey é OCH

Notice that the left hand side of this
equation is

E Ho 0 J OCH use inverse

function derivative
and chain rule

so if we let
D E OO

then the equation can be written as

D 10 e o t case sing
where we now view 0 as an independen
variable Integrating gives

DCO HII A H.gs B



for two constants A and B

Reintroducing the dependence on t
we have

E t H.siOI A H.gg B

Substituting this together with
Er cost sine into the equation

def E E M
we get

tf tf cos't B cost SINO ASIAN
which simplifies to

r f I E cost sing 1

This can be rewritten as Homework

rt E t C cos Oct D 1

for some constants C and D By choosing
our polar axis appropriately which ray
corresponds to 0 0 we can let D O

r It Ecoso MI A



But this is the formula for an ellipsis
which can be seen as follows
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with OE E l We have

rt x yl l

La v72 x 29 t y
or 492 4ar rt x't 4 Eax 4594g 2

Subtracting i by 2 and dividing
by 4a we get

a r Ex t Ea

r a EX Ea l EYa ex

r 11 ex for A 1 e a

Using x roost we have finally
r I E COSA A

a



Let us see what this means for
our original equation

E t
type Oct

MI Ia é Oct x

We also see that the major axis
of our ellipsis is given by

a Ea s

while the minor axis is given by
b If 4

BE a 5

Recall that
A t IRO IN
Alt t it t
area of the ellipse ACT IMI

periodTy 2 area ellipse Kgb of planet



Hence the constant MX in x is

ME 454Gt
I
4É

From this we obtain

Proposition 3 Newton

Kepler's third law is true if and
only if the acceleration e t of
any planet moving

on an ellipse
satisfies each E EACH

for a constant G independent ofthe planet
But what is the constant G

Let us look at the force exercised

on the planet due to the sun

I me t mga EACH
where m is the mass of the planet



But Due to Newton's 3rd law

the planet exercises a force
of the same magnitude on

the sun imagine the planet

being much larger than the
sun sun would orbit
around it

I must be proportional to M
i e E GM where

M is the mass of the sun

The constant G is called Newton's
constant is given by

6 6.67 10 Nmakg
2

and the universal gravitational law
takes the form
E
grow GII Ecocts


